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Upon the introduction of a gas bubble into a liquid possessing a uniform 

thermal gradient, an unsteady thermocapillary flow begins. Ultimately, the 

bubble attains a constant velocity. This theoretical analysis focuses upon 

the transient period for a bubble in a microgravity environment and is 

restricted to situations wherein the flow is sufficiently slow such that 

inertial terms in the Navier-Stokes equat on and convective terms in the 

energy equation may be safely neglected ( .e., both Reynolds and Marangoni 

numbers are small). 

in the Laplace domain with the Prandtl number of the liquid as a parameter; 

inversion was accomplished numerically using a standard IMSL routine. In the 

asymptotic long-time limit, our theory agrees with the steady-state theory o f  

Young, Goldstein, and Block. The theory predicts that more than 90 percent of 

the terminal steady velocity is achieved when the smallest dimensionless time, 

i.e., the one based upon the largest time scale--viscous or thermal--equals 

unity. 

The resulting linear equations were solved analytically 
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1. INTRODUCTION 

Forces o the r  than g r a v i t y  are expected t o  of ten dominate the m i g r a t i o n  of 

bubbles i n  ou te r  space. I n  p a r t i c u l a r ,  thermocap i l la ry  fo rces  w i l l  cause 

bubbles to  migra te  i n  a thermal g rad ien t .  Consider the  bubble depic ted I n  

F ig.  1.  

the c o l d  l i q u i d .  

temperature, as i s  o f t e n  the case, the  c o l d  I n t e r f a c e  w i l l  have a h igher  

sur face tens ion  than the  ho t  i n t e r f a c e .  

t h a t  near the  i n t e r f a c e  l i q u i d  flows from the h o t  s ide  t o  the  co ld  s ide,  as 

i nd i ca ted  by the  arrows. Viscous s t resses w i t h i n  the f l u i d  oppose these 

thermocap i l la ry  stresses, causing the  bubble t o  migra te  toward the h o t  s ide .  

I f  the thermal g rad ien t  i s  constant  throughout the  reg ion,  the  ana lys i s  of  

Young e t  a l .  (1959) revealed t h a t  the  bubble w i l l  u l t i m a t e l y  migra te  w i t h  a 

steady v e l o c i t y .  

The in te r face  nex t  t o  the  hot l i q u i d  w i l l  be h o t t e r  than t h a t  nex t  to  

Assuming t h a t  sur face tens ion  va r ies  Inve rse l y  w i t h  

The thermocap i l la ry  s t resses are such 

I n  the processing of m a t e r i a l s  i n  o u t e r  space, nonisothermal bubb le - l i qu id  

systems w i l l  be common. Cont ro l  o f  these systems w i l l  r e q u i r e  a good 

understanding o f  the rmocap i l l a ry  migra t ion .  For example, bubbles form i n  

g lass mel ts  du r ing  the  manufactur ing process; t h e i r  removal i s  e s s e n t i a l  for  

the g lass  t o  be use fu l .  

Dur ing the  conta iner less  process ing o f  g lass  i n  the  mic rograv i  t y  environment 

o f  space, thermocapi 1 l a ry - fo rces  a re  expected t o  ass1 s t  t h e i r  removal (Mattox 

e t  a l .  1982, Subramanian 1981). Thermocapi l lary  m ig ra t i on  may a l s o  be 

impor tant  i n  the  design o f  two-phase heat exchangers for  use i n  o u t e r  space. 

A poor design may unexpectedly pe rm i t  bubbles t o  migrate en masse to  the 

heat ing  surface. A l a y e r  of  gas nex t  t o  the  ho t  sur face would a c t  as a thermal 

i n s u l a t o r  and prevent  the e f f i c i e n t  t r a n s f e r  o f  heat t o  the l i q u i d  phase. 

On Ear th,  g r a v i t a t i o n a l  fo rces  a i d  I n  t h e i r  removal. 

I n  con t ras t  to  p r i o r  exper imental  and t h e o r e t i c a l  s tud ies  on 

thermocap i l la ry  m ig ra t i on  (Balasubramaniam and Chai 1987, Hardy 1979, Mattox 
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e t  a l .  1982, Subramanian 1981, Szymczyk e t  a l .  1987, Young e t  a l .  19591, which 

focus upon steady systems, we here consider the  unsteady development of  

thermocapi 1 l a r y  m ig ra t i on .  Analys is  o f  unsteady thermocapl l  l a r y  m i g r a t i o n  i s  

impor tant  for several  reasons. F i r s t ,  to study the  steady s ta te ,  one must be 

ab le  to est imate the t ime requ i red  for  t r a n s i e n t s  to  d i e  ou t .  

unexplained resu t s  of supposedly steady-state experiments (Neuhaus and 

Feuerbacher 1986 Siekmann e t  a l .  19861, e.g. , v e l o c i t i e s  l ess  than p red ic ted  

steady-state values, may poss ib l y  be expla ined by an unsteady ana lys is .  

Las t l y ,  the t r a n s i e n t  pe r iod  i s  expected to  be long for  r e l a t i v e l y  l a r g e  

bubbles; a theory  f o r  t h e i r  t ranspor t  w i l l  be use fu l .  

Also, some 

2.  FORMULATION 

Consider a thermocapi 1 l a r y  experiment conducted i n  ou te r  space as shown 

i n  F ig .  2. An enclosure c o n s i s t i n g  of end p l a t e s  maintained a t  d i f f e r e n t  

temperatures and of i n s u l a t e d  s ide w a l l s  i s  f i l l e d  w i t h  a l i q u i d .  I n  the  

absence of buoyancy ef fects,  there  i s  no f l u i d  mot ion and, as dep ic ted  i n  the  

f i g u r e ,  the temperature f i e l d  becomes l i n e a r  when thermal e q u i l i b r i u m  i s  

obtained. The experiment then begins w i t h  the  i n t r o d u c t i o n  o f  a small gas 

bubble. We neg lec t  the  small immediate ef fect  o f  the  bubble 's  i n t r o d u c t i o n  

upon the  v e l o c i t y  and temperature f i e l d s .  Soon the rea f te r  the conduct ion o f  

heat  t o  the  i n t e r f a c e  causes thermocapi 1 l a r y  s t resses t o  develop and m i g r a t i o n  

t o  begin.  As  i s  commonly done, we assume t h a t  bo th  v i s c o s i t y  and d e n s i t y  of  

the  l l q u i d  phase are e s s e n t i a l l y  constant  throughout the  volume, t h a t  

t r a n s p o r t  processes w i t h i n  the  bubble phase may be neglected r e l a t i v e  t o  those 

i n  the  l i q u i d  phase, and t h a t  sur face tens ion  i s  a l i n e a r  f u n c t l o n  o f  

I n t e r f a c i a l  temperature. To be d e f i n i t e ,  we assume t h a t  uT = do/dT i s  

negat ive  such t h a t  m i g r a t i o n  i s  toward the  h o t t e r  f l u i d .  We a l s o  assume t h a t  

t he  bubble remains spher ica l  du r ing  the  acce le ra t i on ;  t h i s  i s  sub jec t  t o  

p o s t e r i o r i  v e r i f i c a t i o n .  F i n a l l y ,  we assume t h a t  bo th  f l u i d  i n e r t i a  and the  
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convective t ranspor t  of heat may be neglected. 

r e s t r i c t  the ana lys i s  t o  low Reynolds and Marangoni (thermal Peclet )  numbers. 

Given the above assumptions, the dimensionless temperature f i e l d  T 

These l a t t e r  assumptions 

obeys the unsteady energy equat ion 

i n  the reg ion  ou ts ide  o f  the bubble. Here, the l i q u i d ' s  Prandt l  number 

P r  P vla, the r a t i o  o f  k inemat ic  v i s c o s i t y  t o  thermal d l f f u s i v l t y ,  appears 

m u l t i p l y i n g  the le f t -hand side. The v a r i a b l e  t i s  t ime d i v i d e d  by the 

viscous t i m e  scale a2/v, w i t h  the c h a r a c t e r i s t i c  l eng th  scale "a'' being the 

rad ius  o f  the bubble. The dependent v a r i a b l e  T i s  the scaled d i f f e r e n c e  

between the actual  temperature and t h a t  undis turbed temperature which p reva i  1 s 

i n  t h e  plane of  t h e  bubble 's  c e n t e r .  The c h a r a c t e r i s t i c  temperature scale i s  

the product aA, where A i s  the undisturbed temperature g rad ien t  i n  the 

system. Eq. ( 1 )  i s  w r i t t e n  w i t h  the bubble 's  center as the o r i g i n  o f  the 

coord inate system. 

S i m i l a r l y ,  the v e l o c i t y  f i e l d  obeys the unsteady Stokes equat ion 

8 av = - (op + g) + v 2 v 

i n  a re ference frame moving w i t h  the bubble. The vector  v i s  the scaled 

d i f ferenc 'e  between the f l u i d ' s  and bubble 's  v e l o c i t i e s .  

for both v and U = kU(t>, the scaled bubble v e l o c i t y ,  i s  the p o s i t i v e  

The v e l o c i t y  sca le 

( 2 )  

q u a n t i t y  -oTaA/p. Because the bubble 's re ference frame i s  n o n i n e r t i a l ,  t he re  

appears i n  Eq. (2)  the f i c t i t i o u s  force d U ( t > / d t .  This force adds to  the 

g rad ien t  o f  the hydrodynamic pressure p and vanishes when a steady bubble 

v e l o c i t y  i s  obtained. 

A t  the in ter face,  viscous and the rmocap i l l a ry  s t r e s s e s  balance a t  each 

p o i n t .  Now both T and v a re  axisymmetric w i t h  respect  to  an a x i s  t h a t  
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passes through the bubble 's  o r i g i n  and I s  p a r a l l e l  t o  t h e  u n l t  vec to r  k, 

which p o i n t s  i n  the d i r e c t i o n  o f  the temperature g rad ien t .  

T = T(r ,B, t )  and v = v( r ,e , t )  and t h a t  the s t ress  balance I s  g i ven  by 

I t  f o l l o w s  t h a t  

Here, r i s  the dimension 

these are depic ted i n  F i g  

ess r a d i a l  coord inate and 

2. Since the  flow I s  ax 

8 I s  the p o l a r  angle; 

symmetric , the  vec to r  v 

has o n l y  two nonzero components: Vy and ve, t he  v e l o c i t i e s  i n  the  r a d i a l  

and p o l a r  d i r e c t i o n s ,  r e s p e c t i v e l y .  

Because we neglect  bubble i n e r t i a  and g r a v i t a t i o n a l  f o rces ,  the t o t a l  

hydrodynamic f o r c e  Fh on the bubble vanishes for  a l l  t > 0: 

Here, n i s  a u n i t  vector  normal to  the spher ica l  bubble surface and P(r ,e, t> 

i s  the hydrodynamic pressure dyadic ( tenso r ) .  

We b r i e f l y  mention the remaining cond i t i ons  on the temperature and 

v e l o c i t y  f i e l d s .  The undis turbed temperature and v e l o c i t y  f i e l d s  p r e v a i l  ( 1 )  

I n i t i a l l y  for  a l l  space ou ts ide  the bubble and ( 2 )  f a r  from the bubble for  a l l  

t ime .  The neg lec t  of thermal t ranspor t  w l t h l n  the  bubble r e q u i r e s  a zero 

thermal f l u x  normal t o  the bubble surface for t > 0. Because the bubble does 

n o t  change i n  s ize,  the r a d i a l  v e l o c i t y  V r  vanishes a t  the i n te r face .  

L a s t l y ,  t he  assumption of i n c o m p r e s s i b l l i t y  r e q u l r e s  V v = 0. 

3. SOLUTION 

To solve t h i s  system o f  equations, we def ined a mod i f i ed  pressure f i e l d  

such t h a t  i t s  g rad ien t  i s  g iven by the  q u a n t l t y  w l t h i n  parentheses I n  Eq. ( 2 1 ,  

in t roduced the streamfunct ion for  the axisymmetric flow, and then a p p l i e d  the 

Laplace t ransform technique t o  rep lace  the v a r i a b l e  t w i t h  the parameter s .  
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A n a l y t i c  f unc t i ons  were found for the transformed temperature and 

streamfunct ion f i e l d s  t h a t  s a t i s f y  the d i f f e r e n t i a l  equations and a1 1 

cond i t i ons .  

dimensionless bubble v e l o c i t y  O(s): 
The s o l u t i o n  y i e l d e d  the f o l l o w i n g  expression for  the transformed, 

M u l t i p l i c a t i o n  o f  t h i s  expression by s and t a k i n g  the  l i m i t  as s 

approaches zero y i e l d s  a dimensionless terminal  v e l o c i t y  of 112, i n  agreement 

w i t h  the ana lys i s  of Young e t  a l .  (1959). We a l s o  app l i ed  the  i n i t i a l - v a l u e  

theorem twice t o  Eq. (5) t o  determine dU/dt a t  t = 0. The f i r s t  use of  the 

theorem gave the expected r e s u l t  t h a t  U(0) = 0. The second use gave 

The step- funct ion character  of the acce le ra t i on  precluded f u r t h e r  a p p l i c a t i o n  

of  the i n i t i a l - v a l u e  theorem. 

To conf i rm t h a t  the bubble remains spher ica l  throughout the  a c c e l e r a t i o n  

pe r iod ,  we app l i ed  our  a n a l y t i c  r e s u l t  f o r  the transformed stream f u n c t i o n  to  

the transformed normal s t r e s s  cond i t i on .  The exact s a t i s f a c t i o n  o f  t h i s  

c o n d i t i o n  i nd i ca tes  t h a t  there i s  no d e v i a t i o n  from the spher i ca l  shape. 

Numerical i n v e r s i o n  v i a  an IMSL r o u t i n e  gave the bubble v e l o c i t y  as 

f u n c t i o n s  of t i m e  w i t h  Prandt l  number as a parameter. 

p l o t  o f  the dimensionless v e l o c i t y  versus dimensionless t ime for  P rand t l  

F igure 3 i s  a l og - log  

numbers of  0.01, 1.0, and 100. 

4. DISCUSSION 

The two m o s t  i n t e r e s t i n g  features of F i g .  3 are t h a t  ( 1 )  a l l  t h ree  curves 

are n e a r l y  l i n e a r  before a t r a n s i t i o n  to  the terminal  v e l o c i t y  and ( 2 )  the 
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dimensionless t i m e  t o  the  te rmina l  v e l o c i t y  ranges f rom o rde r  one t o  o rde r  

100, depending upon the  Prandt l  number. These fea tu res  are discussed below. 

For t < <  1 ,  the dimensionless v e l o c i t y  U ( t )  i s  g iven  

approximately by 

U ( t )  - 6 t .  

The value o f  6 ( c f  Eq. ( 6 ) )  der ives  from the acce le ra t i on  ca l cu la ted  from 

a p p l i c a t i o n  of the i n i t i a l  value theorem. Equation ( 7 )  i s  represented i n  

we l l  f o r  small values F i g .  3 as the dashed l i n e ;  i t  f i t s  the data reasonably 

o f  t. 

Wr i t t en  i n  dimensional form, Eq. (7) becomes 

U * ( t * )  

f o r  t * v / a 2  < <  1 .  (The r a i s e d  as te r  

- 6 [g)t* 
sks denote dimens 

r a d i i  re leased simultaneously i n t o  the same system. Dur ing  the t ime 

for which Eq. (8 )  i s  app l i cab le  f o r  both bubbles, the smal le r  bubble 

expected to  move f a s t e r  than the l a r g e r  one, even though the  termina 

o f  the smal ler  bubble, 

(7) 

( 8 )  

onal q u a n t i t i e s . )  

According t o  Eq. (8 ) ,  the  l ead ing  t e r m  i n  the short- t ime expansion f o r  the  

dimensional v e l o c i t y  i s  independent o f  v i s c o s i t y .  Th is  r e s u l t  i s  analogous to  

t h a t  f o r  a drop or s o l i d  sphere a c c e l e r a t i n g  from r e s t  due t o  buoyancy fo rces  

(Ch isne l l  1987). Though v i scos i t y  does n o t  appear e x p l i c i t l y  i n  Eq. ( 8 > ,  i t  

does appear i n  the  t ime scale and thus a f f e c t s  the  values o f  t*  f o r  which 

the relation is valid. For highly viscous liquids or small bubbles, the 

r e l a t i o n  i s  v a l i d  o n l y  b r i e f l y .  On the o the r  hand, f o r  l ow-v i scos i t y  l i q u i d s  

or l a rge  bubbles, Eq. (8 )  i s  l i k e l y  t o  app ly  f o r  a much longer p e r i o d  o f  

t i m e .  

Another i n t e r e s t i n g  f e a t u r e  o f  Eq. (8)  i s  t h a t  t he  bubb le 's  a c c e l e r a t i o n  

i s  i n v e r s e l y  p ropor t i ona l  t o  i t s  r ad iuz .  Consider two bubbles o f  d i f f e r e n t  

me 

be 

o c i  t y  
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-UTaA 
U*(m) = - , 

2P 

i s  l e s s .  

Our focus now s h i f t s  to  es t ima t ing  the d u r a t i o n  of  unsteady m ig ra t i on .  

o c i t y  I s  of  o rde r  u n i t y  I f  

1 t h a t  the f a c t o r  used to  

I t  thus appears t h a t  for 

P r  2 1, the product  o f  the  

According to  F ig.  3 

the P r  5 1,  b u t  of 

nondimensional ize t 

P r  5 1 , the viscous 

the t ime t t o  a terminal  ve 

order  100 i f  P r  = 100. (Reca 

me was the viscous scale a2/v 

scale i s  appropr ia te,  bu t  for 

( 9 )  

Prand t l  number and the viscous scale i s  appropr ia te.  This product  equals 

a2/,, which i s  the c h a r a c t e r i s t i c  thermal t ime scale for the system. Observe 

t h a t  for  any value of P r ,  the l a r g e r  o f  the viscous or thermal scales appears 

t o  be a good est imate o f  the t r a n s i e n t  per iod.  

The above r u l e  t o  p r e d i c t  the t i m e  to  steady s t a t e  was based upon 

graphica l  data for  three curves. For a more q u a n t i t a t i v e  p i c t u r e ,  we examined 

numeric data f o r  f i v e  l i q u i d s  having Prandt l  numbers i n  the range 0.01 i P r  i 

100. for each Prand t l  number, we determined the dimensionless t i m e s  fgO and 

percent  (based upon the appropr ia te scale) for a bubble t o  a t t a i n  90 and 95 

1 are o f  o rde r  u n i t y  and 
=95 
of the  te rm ina l  v e l o c i t y .  A l l  r e s u l t s  (Table 

con f i rm  t h a t  the r u l e  i s  c o r r e c t .  

To understand why the above sca l i ng  works observe t h a t  i f  P r  < <  

thus 

, the 

thermal f i e l d  a t t a i n s  i t s  steady-state value wh i l e  the f l u i d  mot ion i s  j u s t  

beginning t o  develop. 

s t a t e  i s  thus governed by the viscous t i m e  scale.  I f  P r  > >  1,  t he  f l u i d  

The t i m e  for the v e l o c i t y  f i e l d  to  reach i t s  steady 

motion, which i s  d r i v e n  by the rmocap i l l a ry  forces and thus by the temperature 

f i e l d ,  becomes q u a s i s t a t i c  w i t h  a s lowly-developing thermal f i e l d .  I n  t h i s  

case, i t  i s  the thermal t i m e  scale t h a t  determines when the bubble reaches i t s  

terminal  v e l o c i t y .  
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5. SUMMARY 

The unsteady thermocapi 1 l a r y  m ig ra t i on  of a bubble w i t h i n  an otherwise 

quiescent l i q u i d  was s tud ied v i a  a n a l y t i c a l  methods. 

small bubbles are p red ic ted  to i n i t i a l l y  move more r a p i d l y  than l a r g e r  ones, 

even though t h e i r  terminal  v e l o c i t i e s  are less .  

thermal t ime scales i s  a good est imate o f  the du ra t i on  o f  the  unsteady 

m ig ra t i on  per iod .  

Wi th in  the same system, 

The l a r g e r  o f  the  v iscous and 
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TABLE 1.  - DIMENSION- 

LESS TIMES TO TERMINAL 

VE LOC I TY 

I =90 I P r  = v / a  1 =95 
0.01 

.10 
1 .o 
10.0 

100.0 

0.28 
.30 
.58 
.29 
.26 

0.47 
.52 
1.10 
.68 
.65 



HOT L I Q U I D  

'HIGH 

COLD L I Q U I D  

FIGURE 1. - ORIGINS OF THERMCAPILLARY 
NIGRATION. VARIATIONS I N  SURFACE TEN- 
SION ALONG A NONISOTHERMAL INTERFACE 
CAUSE THERROCAPILLARY SHEARING STRESSES. 
WHICH VISCOUS SHEARING STRESSES TRANSNIT 
TO THE LIQUID. L I Q U I D  IMPOSES A RE- 
ACTION FORCE UPON THE BUBBLE. CAUSING 
I T  TO SWIM TOWARDS THE HOT L I Q U I D  WITH 
A VELOCITY U(t). 

FIGURE 2. - SCHERATIC OF A THERMOCAPILLARY EXPERIKNTAL CELL I N  ZERO 
GRAVITY. I N  TYPICAL EXPERIMENTS. A LINEAR TEMPERATURE F I E L D  IS 
ESTABLISHED PRIOR TO THE INTRODUCTION OF A GAS BUBBLE AT POINT 0. 
THERMOCAPILLARY ACTION CAUSES THE BUBBLE TO MIGRATE WITH THE UN- 
STEADY VELOCITY UCt) I N  THE DIRECTION OF THE THERRAL GRADIENT. 
EVENTUALLY, THE MIGRATION VELOCITY BECOMES STEADY. 

_1 d > 

10-3 10-2 10-1 io0 io1 102 103 
TIME t ,  t *wa2 

FIGURE 3. - DEVELOPMENT OF THERMOCAPILLARY MIGRATION. 
EACH SOLID CURVE REPRESENTS A PLOT OF THERMCAPILLARY 
MIGRATION VELOCITY U ( t )  VERSUS TINE t FOR A SPECI- 
F I E D  PRANDTL NUMBER PR = W a .  THE DASHED L I N E  PROVIDES 
A GOOD ESTIMATE OF THE VELOCITY FOR SMALL VALUES OF t .  
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